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1. Introduction 

The motivation for studying the fluid/gravity correspondence is to gain insight into string 
theory and strongly coupled gauge theories. There is a symbiotic relationship between 
these theories and the insight gained is rooted in the fact that they are dual to each other 
via the AdS/CFT correspondence. Their respective coupling constants can be matched 
to scale inversely to each other, meaning that doing perturbative calculations in the weak 
coupling limit of one theory can give us non-perturbative results in the strong coupling 
limit of the other. This is provided we have the dictionary between the two theories that 
give us a map between objects in both theories. 

One of the fundamental questions to be answered in quantum gravity is what is the 
fundamental nature of spacetime? Somehow spacetime is an emergent property, but what 
does it emerge from? Unfortunately, because the dictionary is incomplete, it is often easier 
to do straight gravitational calculations rather than use conformal field theory (CFT) at 
weak coupling to learn about gravity. For now the question of the fundamental nature of 
spacetime is too ambitious. There are many simpler questions we can ask. Which CFT 
configurations have gravity duals? What types of curvature singularities are allowed? 

For strongly coupled gauge theories we want to use the gauge/gravity correspondence 
to explore the universal properties of matter. The aim is to eventually do calculations in 
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the strongly coupled regimes of quantum chromo dynamics (QCD), relevant to describe for 
example the quark-gluon plasma produced in relativistic heavy ions collisions. Using grav- 
ity at weak coupling to calculate hydrodynamic properties has been successful in yielding 
the entropy to shear viscosity ratio, see [1]. Furthermore the authors conjectured this ratio 
to satisfy a universal lower bound, such that 



for any CFT with a gravity dual. 

The key to doing this calculation was the observation that the long distance dynamics 
of any interacting quantum field theory near thermal equilibrium is well described by a 
relativistic fluid equation. In doing these calculations the real correspondence is between 
the fluid dynamics, an effective description of CFT, and gravity, an effective description of 
string theory. 

In this review we will discuss recent techniques for calculating hydrodynamic properties 
using the fluid/gravity correspondence [2, 3]. The original methods for calculating dynamic 
properties of gauge fields using Minkowski correlators is reviewed in [4] . 

2. Review of the AdS/CFT correspondence 

The AdS/CFT correspondence we are interested in is the classic example between type IIB 
string theory on AdSsxS^, a 10 dimensional theory of gravity, and = 4 supersymmetric 
Yang-Mills (SYM), a 4 dimensional gauge theory, see for example [5]. The difference in 
dimension seems like a problem until one realizes that the extra dimensions on the gravity 
side become particle degrees of freedom on the gauge side. 

In terms of the correspondence the gauge theory lives on the 4 dimensional boundary, 
located at r = oo, of the 5 dimensional AdSs space. The dual gravity theory lives in the 
bulk of the AdSs space where r < oo, see Figure 1. The fundamental ideas behind the 
conjectured correspondence are outlined in Table 1. Details of the dictionary between CFT 
operators on the boundary and field configurations in the bulk will be discussed later. 

Before using the correspondence for our calculations we must find an effective descrip- 
tion for the theories that are dual to each other. Next we find static solutions to these 
effective theories from which it is possible to calculate static properties such as the entropy 
of strongly coupled SYM. The real goal is to calculate dynamic properties by perturbing 
the static solution in one theory and seeing what that looks like in the other theory. To do 
so we need to know what the perturbations in each theory look like. 

2.1 Regimes of validity 

Since introducing why the duality exists is better left for another review, we will focus on 
the parameter matching that arises from the two theories being dual. This is the simplest 
part of of the AdS/CFT dictionary. A more detailed discussion can be found in [6], where 
a precise matching of fields and operators in the two theories is listed. 

On the field theory side there are two parameters — the number of colours (i.e., the 
rank of the gauge group SU (A)) and the gauge coupling g. When the number of colours is 
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boundary, r = oo 
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boundary 
event horizon 
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Figure 1: An illustration of where M — A SYM lives on AdSs space. The 4 dimensions of the 
gauge theory (t,x) live on the boundary of the AdSs space at r — oo. 



Table 1: Summary of the corresponding elements that appear in our duality. 





bulk 


boundary 


AdS/CFT 


type IIB string theory on 
asymptotically AdSsxS^ 


M = A SYM on S3 x 
or with a Poincare patch 


effective description 


Einstein equation with 
cosmological constant 


relativistic fluid dynamics 


known static solutions 


black hole or black brane 
in AdS 


static configuration of a 
perfect fiuid 


perturbation 


non-uniformly evolving 
black branes 


dissipative fluid flow 



large, known as the planar limit, perturbation theory is controlled by the 't Hooft coupling 
A = g^N . On the string theory side the parameters are the string coupling gg, the string 
length Ig = -v/q/, and the radius L of the AdSs space, which is proportional to N^^^, where 
N is the number of branes. The connection between the two originates from the double 
nature of D-branes: the gravitational and the gauge theoretical. 

We will start by considering the gravity side. A single Dp-brane has a tension that 
scales as M ~ 1/gs, thus it is a nonperturbative object, and in the weak coupling limit can 
be treated as a rigid object. Vice-versa, at strong coupling Dp-branes become light and a 
large number, of order ~ are required to have a sizable gravitational effect. The 

Dp-brane is also charged under a (p+ l)-form potential with a charge Q equal to its tension 
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resulting in the BPS bound being saturated.^ In a supersymmetric theory saturation of 
the bound means that half of the supersymmetry is preserved and the other half is broken, 
but also that the configuration is stable. In our case this implies that we can stack an 
arbitrary number of Dp-branes and the configuration will remain stable. The mass of a 
black hole scales as N"^ ~ so stacking branes creates a background with a black 
brane equivalent of a black hole. The solution to the equations of motion of type IIB 
supergravity for a D3-brane is [7, 8], 



(2.1) 



F(5) = Q{e + *e) and $ = constant, (2.2) 

where H{r) = 1 + L^/r^, the event horizon is at r = r+ = (compare with equation (4.1) 
where r_|_ 7^ 0), the volume form for the coordinates (t, x',r) is given by e, and the Hodge 
star operator is denoted *. The Ramond-Ramond 5-form, i^(5), is self dual and couples 
to the D3-brane, and the dilaton field $ is constant. Since Qs = e* we are free to choose 
any value for the string coupling. A more general, non-extremal, r_|_ 7^ 0, version of the 
metric (2.1) is considered in section 4.^ It is possible to rewrite strings in terms of gravity 
parameters IGvrG = (27r)^g(^/f and by associating this black brane (black hole) with 
D3-branes we get 

=^=4vriV. (2.3) 

Another relationship between parameters comes from the gauge theory created by 
the open strings attached to Dp-branes. The massless spectrum of the open strings on 
the Dp-brane is that of the maximally supersymmetric (p -|- 1) dimensional gauge theory 
with gauge group SU{N) for stacked branes. In the case of D3-branes this is four 
dimensional = 4 SYM. The effective action of the Dp-brane is the Dirac-Born~Infeld 
(DBI) action that, when expanded at first order in a' , yields the usual Yang-Mills action. 
By identification of the coefficient of the gauge kinetic term we get the gauge coupling in 
terms of string theory parameters, 

g2 = as^ATTisT-^ (2.4) 

^ = 4TTgs , for p = 3 . (2.5) 

We are interested in AA = 4 SYM that is created by D3-branes, so p = 3, leaving a simple 
relationship between the gauge and string coupling constants. 
We can rewrite these parameters as 

— ~V^~^- (2-6) 

a 

^The BPS bound is in general M > Q. 

^If we take the near horizon hmit, r ~ r+ ^ L, the geometry becomes that of AdSg xS^ spacetime with 
radius L. From viewpoint of AdSs the 5-form flux can be identified with the cosmological constant and can 
be neglected in the following discussion. 
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The goal of this lecture series is to establish a correspondence between the gravitational 
limit of Type IIB string theory on AdSsxS^ space, and the hydrodynamic limit of the non- 
gravitational supersymmetric A/" = 4 Yang-Mills gauge theory defined on the conformal 
4-dimensional boundary of AdSs. For the gravitational description of string theory to be 
valid we require for the two dimensionless string parameters that 

^ ^ > 1 and < 1, (2.7) 



where the ratio between the curvature scale for the string background L and the string 
length Is to be large (to suppress stringy effects) , and simultaneously we assume the string 

coupling to be small (to further suppress quantum effects). The equivalent of the gravita- 
tional limit in terms of fundamental parameters for the conformal field theory, the 't Hooft 
coupling A and the Yang-Mills coupling g, is given by the following correspondence. 



(2.8) 



Therefore the suppression of stringy and quantum effects on the boundary requires that 

A > 1 and ^ < 1, (2.9) 

both A ^ oo and N oo. This is the 't Hooft limit with A ^ oo. 

Further, to obtain a hydrodynamical description for the boundary theory, we consider 
the local energy density of the conformal field theory such that we are able to thermody- 
namically associate a local notion of temperature T and mean free path l^fp ~ 1 /T. The 
scale for the field fluctuations, R, has to be long wavelength in time and space. In other 
words, the scale of variations has to be large compared to the mean free path l^^fp ^ R- In 
terms of the derivative expansion of the stress-energy tensor we want the first order term 
to be small compared to the zeroth order term, 

^ ^ ^ ^ ^ ^ ^ J_ « 1 (2 10) 

O^t order pui^u" pR R RT ' ^ ' ^ 

where we have assumed that u'^ ^ 0{1), and a'^" ^ 1/R. 

Using the parameter matching to write these in terms of AdS parameters we get, 

^»^mfp^r-+ »L. (2.11) 

So we see that the regime where the fluid is valid corresponds to a theory with large AdS 
black holes. 



3. Review of fluid dynamics 

We are relatively familiar with the effective description of string theory on AdS back- 
grounds, that is classical (super)gravity, but less so with the effective description of SYM. 
When first writing the fiuid equations of motion we assume an ideal fiuid - one that has no 
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viscosity and no thermal conduction. This means there is no energy dissipation and that 
the entropy of the fluid is constant. The eflFects we are interested in later are fundamen- 
tally dissipative so we will have to add corrections to these initially simplified equations of 
motion. Thus we start with an adiabatic fluid and later we relax this constraint allowing 
the fluid parameters to vary slowly. 

The standard description of fluid dynamics is given by the continuity and Eulcr equa- 
tions. The differential form of the continuity equation is obtained by realising that any 
change in the amount of fluid in a volume Vq with a density p must be accompanied by a 
fluid traveling at velocity v through the boundary of that volume, 6Vo, 



^ [ pdV = - [ pvdA (3.1) 

= - [ V ■{pv)dV (3.2) 
Jvo 

where we have used Stokes theorem to rewrite the right hand side in terms of a volume 
integral. Since this is valid for any volume Vq the equation of motion can be read off to be, 

|^ + pV-v + vVp = 0. (3.3) 

The Euler equation comes from Newton's law and relates the pressure P of the fluid to its 
velocity 

-VP = p(|^ + (v-V)v) . (3.4) 

For our purposes it is more convenient to write these equations in a covariant manner 
by expressing the characteristics of the fluid in terms of a symmetric stress-energy tensor 
T^jy. Here Too represents the energy density, Ta the pressures in each direction, the 
shear stresses, and Toj the momentum density. Within this formalism the equations of 
motion can easily be written as 

V^T^, = . (3.5) 

The stress-energy tensor describes a fluid of density p{x^), pressure P(x^), and fluid veloc- 
ity u'^{x^), which is normalised to u^u^ = — 1. The stress-energy tensor of any ideal fluid 
is not permitted to contain derivatives and thus must of the form of 

T/xu = (scalar) u^u,/ -|- (scalar)^!^,^ . (3.6) 

If we further deflne a projection operator, 

Pi^u = 9ixu + u^Uu , (3.7) 

that has the property 

P^uu'' = . (3.8) 
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We can make use of dimensionality arguments to find the explicit expression for the stress- 
energy tensor 

T^^. = pUi,u, + PPi,,. (3.9) 



Exercise: . Show that the relativistic versions of the ideal fluid equations can be obtained 
by replacing T/^^, = pUfj,Ui, + PP^v into the equation of motion V^T^^i, = 0. 

Ultimately, we are interested in calculating dissipative properties of conformal fluids. 
The stress-energy tensor up to zeroth order, being void of dissipation, captures none of 
these. We need to look at the first order dissipative corrections to the stress-energy tensor. 

We want to construct the most general n— derivative dissipative correction order by 
order. It should be proportional to a single derivative of the fluid velocity V^n,/. This 
tensor can be decomposed into irreducible representations, separating into components 
parallel or orthogonal to 

V^Ui. = -a^Uy + a^y + u^y + ^SPiiu , (3.10) 

where the trace is fully contained in the last term, 6 = Vj^u^, and the first three terms are 
left traceless. The first term contains the acceleration, a'* = vyVyU^, that is orthogonal to 
the projection tensor P^y. The second term is the shear, 

^i^y = V^^n"^) + n^^a*^) - \eP^''' , (3.11) 

which is symmetric and traceless by construction, and is orthogonal to u^. The vorticity, 

= Vl'^u^l + ul'^a^l , (3.12) 

is also orthogonal to u'^ and is antisymmetric by construction. 

Now that each irreducible representation has been identified with a physical quantity 
we can find the constants of proportionality to make it a correction to the stress-energy 
tensor. We find 

T^diLp = -COP,. - 2va^'' + 2q^^u^^ , (3.13) 

where C, is the bulk viscosity, r/ is the shear viscosity, and the last term is constructed from 
the vorticity and represents the heat dissipation q = —kP^'^{6^T + a^T). 

The appearance of a the dissipation term can also be quantified by looking at the 

(s) 

derivative of the entropy current J^a = sUf^, where s is the entropy density. At zeroth 
order we assume an adiabatic fluid which means the entropy is constant. To obtain this 
we set all derivatives of -u^ to zero. Clearly then the entropy current is conserved, 

V/^jW = o. (3.14) 
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When dissipative terms are introduced there are now non-zero derivatives of u'* and the 
entropy current is no longer conserved, 

T^i^ji^s) ^ + ^ 2^^,(7'^'^ (3.15) 
>0. (3.16) 

We can see that because everything is squared, the correction is always positive, and the 
entropy always increases with dissipation. 

For the AdS/CFT correspondence it is necessary to constrain Tui, to represent con- 
formal fluid equations. Before we proceed we would like to briefly recall the definition for 
conformal invariance. 

Conformal invariance. Consider a resettling of the metrie field tensor by some confornittl 
factor, Qfj^i, = e^^Qfiv, involving a scalar field (j). Further consider a field ip satisfying the field 
equations H['^,gni,\ = 0, depending on ip and g^^,. H is said to he conformally invariant, 
if and only if we can find tt conformttl weight s of ip, where s G R, such thttt -0 and g^j^n, 
where tp = e'^'^ijj and g^y = e'^'^g^i^, also satisfy the field equations, H[ip,g^,^] = 0. 

For example, the relativistic wttve equtttion for mttssless scttlttr field minimttlly coupled 
to the gravitational field g^y, 

d4V^g'"'dyilj)=0, (3.17) 

is conformally invariant ind = 2, where s = 0. However, we are able to extend the equation 
of motion for such that the fields couple conformally to the metric tensor, 

(V=55'^"M + J^Ziy^V' = 0, (3.18) 
for d> 1 and with s = 1 — d/2. 

In order to have the conformal invariance (i.e., invariance under rescaling of T^'^ = 
psip'ffj.u g^j^j _ g20~^^-j q£ ^Yie relativistic Navier-Stokes equation, V ^T^^^ = 0, it is 
necessary to demand 

T^,i^ = and s = -d-2 (here d = 4 thus s = -6). (3.19) 

Thus conformal invariance implies Weyl symmetry, that is the trace of T^j/ must vanish, 
and the equation of state for a perfect fluid in d — dimensions reduces to 

P=^. (3.20) 
Altogether, to first order, in terms of T{x*^) and u'^{x^^) we get 

Ti'^ = (ttT)^ {7]^"" + 4 u^'u'') - 2 {-rrTf a^"". (3.21) 

With this equation we are able to read off the entropy to shear viscosity defined earlier on 

ri _ TT^T^ _ 1 

- - - ^- (3-22) 
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This can easily be seen as the shear viscosity rj is given by the factor in front of the shear 
tensor a^u, compare with equation (3.13), and the entropy is defined by s = dT^^/dT 
where T^^ = (irT)^. Please note that the variable s has previously been used in a different 
context where it expressed the conformal weight. 



4. Schwarzschild AdSsxS^ black hole (black branes) 

We will study the gravity side of the correspondence provided by the underlying string 
theory. A static solution for Einstein equations with negative cosmological constant in the 
bulk for N near extremal D3 branes is given by 

3 



r 



-f{r) dt' + Y.idx^f 



+ H^/\r) [f-\r) dr^+r^dnf] , 



i=l 

where we have introduced the following parameters 

r"4 



H{r) = 1 + ^ and /(r) = 1 - ^, 



4 
t 
4 • 



(4.1) 



(4.2) 



Notice that for = the extremal D3 brane, see equation (2.1), has its horizon at r = 0, 
see Figure 2, and at the near horizon limit, where r ~ r+ ^ L and thus H{r) = L'^/r'^, the 
metric simplifies to 



ds' 



L2 



i=l 



+ ^ I 1 



dr'^ + L'^dnl (4.3) 




It is also interesting to compare the near-extremal D3-brane with the global Schwarzschild 
AdSs black hole, 

ds'^ = -h{r) dt^ + ^ + r2 d^l + L2 d^l , (4.4) 
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where 



Mr) = ^ + l-^ = ^ + l-;JU| + l). (4.5) 



In the planar hmit, r+ ^ L, thus 



2 2 4 



^(0-;^-;! and (4.6) 
and the 3-sphere decompactifies, 

r dJ^3 ^ r ■ (4.7) 

Substituting this in we get the our near horizon metric. So the planar limit ^ L of 
the global Schw-AdSs metric gives the near horizon limit of the string theory metric for N 
near extremal black branes, see Figure 3. 






L r-|_ OC' r 

Figure 3: Planar limit, r r+ ^ L. 



4.1 Key features of AdSsxS^ 

Before continuing we would like to summarize the key features of the gravitational field in 
the bulk. There exists a scaling symmetry in the planar limit, 

t ^ Xt, x' ^ Xx\ and r ^ - r+ ^ — ^, (4.8) 
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such that ds^ ds^ with r_|_ rescaled. Therefore it can be shown that the Hawking 
temperature [9, 10], given by 

re„.qr±l.ill|. Tb„.^^^, (4..) 

4 7r ivrr+L^ vrL^ A 

is also part of the scaling symmetry. 

For the causal structure, see the Penrose diagram in Figure 4(b), we are interested in 
the asymptotic behaviour, the existence of horizons and curvature singularities. As r — > oo 
we get for the line element 

ds^ {-dt^ + dx^) + -^dr"^ + d^l, (4.10) 

corresponding to an asymptotic AdSsxS^ spacetime. There exists a Killing-vector field dt 
with norm given by gu, and at r = r_|_ the norm of Killing- vector field vanishes, thus there 
exists a Killing horizon at r+. Finally, it can be shown by studying the behaviour of the 
diffeomorphism invariant quantity R"'^'^'^ Rated: the square of the Riemann tensor, that at 
r = we are dealing with a curvature singularity, where R"'^'^'^ Rabcd ~^ cso. 

It is also insightful to directly compare the causal structure for a Schwarzschild black 
hole in two different spacetimes — asymptotic Minkowski/flat and AdS — using Penrose 
diagrams^. 

In Figure 4(a) we plotted the worldline for an observer in an asymptotically flat space- 
time that starts at past timelike infinity /_. Once the observer crosses the horizon at 
r = no light rays can be transmitted to future null infinity J^^ (i-e., to any other 
observer outside the black hole) and the infalling observer inevitably falls towards the 
spacetime singularity at r = 0. Consequently no information can leave the black hole. 
This is the opposite of a white hole where no information can enter. The white hole is 
obtained from mathematically extending the spacetime solution. To make the spacetime 
diagram more accessible we indicate future and past nuU infinity as J^±, future and past 
timelike infinty as I±, and spacelike infinity Jq. These indicate respectively where lightlike, 
timelike, and spacelike worldlines start and end. 

The global structure for a Schwarzschild black hole in an asymptotic AdS spacetime 
is shown in Figure 4(b). Here J^± = Iq and spatial infinity is now an extended line rather 
than a single point. A consequence of the extended spacelike infinity is that a single light 
ray can reach infinity, bounce back, and return to its origin in a finite time to, see green 
lines in Figure 4(b). 

From now on we will drop the term, L^dO^, in the metric on and use 



ds 



2 



r 



2 



L2 



l-^)dt^ + B^xTj+^(l-^)" dr\ (4.11 



^Penrose diagrams are plots of conformally transformed spacetimes. The conformal factor has been 
chosen such that the entire (infinite) spacetime is mapped onto a finite region. These diagrams are espe- 
cially useful to study causal relations between any two points in the "original" spacetime, as conformal 
transformations maintain the light-cone structure. 
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/_ spacetime singularity, r — past timeiilte infinity, /_ 



(a) Schwarzschild black hole in asymptotically flat spacetime. 



spacetime singularity, r = Q 




(b) Schwarzschild black hole in asymptotically AdS spacetime. 

Figure 4: The figures illustrate the Penrose diagrams for black holes in spacetimes with different 
asymptotic behaviour. Here light rays propagate along 45° lines, see yellow dashed lines as emitted 
from an observer falling into the black hole. 



The extra degrees of freedom corresponding to fluctuations around the are dual to 
operators on the CFT side that we are not currently interested in. For the metric (4.11) 
the boundary lies at r = oo, the event horizon lies at r = r_|_, there is a curvature singularity 
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at r = 0, and the black hole temperature, which corresponds to the thermal temperature 

r+ 

4.2 Boosted black branes 



of the gauge theory, is Tbh = thus all the key features are preserved. 



One way to avoid the coordinate singularity at r = r_|_ is to use "ingoing" Eddington- 
Finkelstein coordinates, (F, x*, r, • • •), where 

dv 

V = t + n and dn = 7 rv ■ (4-12) 

Under the new coordinates (y,x'^,r) the metric of the planar Schw-AdSs black hole (4.11) 
can be rewritten as 



ds 



2 



r 

1? 



2 / 4 \ 2 

l-'^\dV'^ + 2dVdr + ^ '^{dx'f . (4.13) 
^ ^ 1=1 



We now find that g^^, and g^'^ remain finite V r > and we have an ingoing null geodesic: 
x^ = 0, and r = constant. 

Covariantizing x^ = (y,x^) with respect to the boundary directions we get 

V = -Uf,x^ ^ dV = -Uf.dx'' dV^ = u^Uudx'^dx'' (4.14) 

x' = P^x^ dxidx' = Pf^iPldx^'dx" = Pf.^dx'^dx'' , (4.15) 

where = (l,0,0,0),n^ = (—1,0,0,0). Substituting them into the metric of the planar 
Schw-AdSs black hole we have 

ds^ = (1 ^ j u^x^dx^dx^ — 2u^dx^dr + -j-^Pni.dx'^dx'^ 

= -2ui,dx''dr + ^ (^rj^,^ + ^Uf,u^^ dx^dx" . (4.16) 

The metric (4.16) is called as the boosted uniform black hole. 

5. Inducing a stress-energy tensor with a metric 

Now we consider the boundary stress-energy tensor T^jy for the asymptotical AdS geometry, 
where we will use the unboosted metric. 



ds" - 



2 

I? 



1-4 



-1 



dr' . (5.1) 



We have already estabHshed what the stress-energy tensor looks like in terms of dynamical 
fluid variables and that it lives on the boundary of the AdSs space. To do calculations 
using the correspondence we are interested in what the gravitational stress-energy tensor 
on the boundary looks like. Knowing this we are able to calculate the stress-energy tensor. 
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The correct prescription for determining the stress-energy tensor on the boundary 
given a metric in any dimension is found in [11]. The method requires one to consider the 
boundary surface 5M„ of the n dimensional bulk M„. To do this we want to foliate the 
spacetime such that the slices are parallel to the boundary and calculate the stress-energy 
tensor for this foliation, see for example [12] . In particular we are interested in its behaviour 
on the boundary. We would like to point out that this prescription gives a unique stress- 
energy tensor on the boundary implying that the stress-energy tensor induced for a given 
metric is unique [11]. 

The first thing we do is find the stress-energy tensor in the bulk. The gravitational 
action with cosmological constant A in n -|- 1 dimensions is, 

^=-^ [ d"-''^V^iR - - ^ / d-xV^K + -^S^tM ■ (5.2) 

The first term is the bulk action whose solutions 6Sm„+i = for AdS^+i with curvature 
L gives A = — "^^212^^ ' cosmological constant. The second term is a surface term that 
contains the extrinsic curvature K^i, = —^jfVanu-, which is a Lie derivative of 7^1, pointing 
in the direction of n^. The action also contains counter terms to cancel the divergences due 
to the infinite volume of AdSs and obtain a finite stress-energy tensor T^y. The form of 
these counter terms depend on the number of dimensions. For the AdSs case the counter 
terms are Cd = — |^i?(7)). 

Here we are concerned only with the AdSs result. The general result in other dimen- 
sions can be found in [11]. The boundary stress-energy tensor is 

3 _L 

This is obtained in the standard manner by varying the action with respect to the boundary 
metric 7^jy. Note that the last two terms came from the counter term in the Lagrangian. 

The problem is then reduced to finding the extrinsic curvature. We must choose a 
curve to slice along. Since we are looking at how slices approach the boundary the natural 
choice is along the radial coordinate of the AdSs space, 

df = ^/g^dr , (5-4) 
for any constant t and Xi. With this slicing the metric decomposes into, 

ds^ = N^dr^ + 7^^(dx^ + V>'dr){dx'' + Vdr) (5.5) 
= iV^dr^ + -f^ydx^'dx'' , (5.6) 
where is the induced metric given by, 

dxi^ ^ 

and /X, ly run from to 3, a, (3 run from to 4. The initial metric (5.1) has no off-diagonal 
elements such that = 0. The extrinsic curvature is then given as, 

K^,u = -^rfd,^^, + D^V, + D,V^ (5.8) 
= -^^'^5.7/... (5.9) 



2 5Sd ^ 1 



(5.3) 



l^iu = gap el where = ( ) , (5.7) 
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We are left then with finding the normal vector and the form of the induced metric 'j^p 
The vector normal to the hypersurface is given by 



Raising the index gives 



n 



.al3 



N- 



1 



9rr 
4 

74 



(5.10) 
(5.11) 



(5.12) 
(5.13) 



Due to the simple diagonal structure and the exclusive dependence of the metric on r we 
can set t = t and Xi = x,-, thus all 



1. 



The induced metric is given by 



L2 



^ i=i 



(5.14) 



(5.15) 



where r = r{r). 

The Einstein tensor G^y{'~^) vanishes at the boundary and using the previous results 
we can find T^i^, see equation (5.3), for a metric gap corresponding to planar Schw-AdSs. 
We first ensure that the divergent terms cancel out and then it can been shown that, 



rpt\ 



' '''-oil, 



IGvrG r' 
1 ri 



+ .... 



IGvrG r6 

Altogether the stress-energy tensor on the boundary is 

1 



T^r, = lim T'"' -- 



(5.16) 
(5.17) 

(5.18) 



where we can rewrite rj^'^+4u^u'^ = P^'^+Su'^u'^ . We now have the form of the stress-energy 
tensor on the gravity side that is induced on the boundary. 



6. Introducing dynamics and non-uniformity 

Without loss of generality we can set 

L = l, 



f{r) = 1- \ and b = ^ = — 



(6.1) 
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Table 2: Summary for the relevant parameters in the bulk (5 dimensional metric tensor) and on 
the boundary (4 dimensional stress-energy tensor) and the corresponding equations of motion the 
Einstein equations in the bulk and the relativisitic hydrodynamic equations for the boundary. 



Bulk 


Boundary 


Emn = Rain - \RgMN + ^qmn = 


d^Tf" = 


ds^ = -2Ufj,dx^^dr + [rj^y -|- (1 - f{br))u^Uy\ dx^^dx" 





such that ^ 

/(6r) = l-^. (6.2) 

At zeroth order the boosted black brane metric corresponds to the stress-energy tensor 
of a perfect fluid. A summary of the current picture can be found in Table 2, with the 
stress-energy tensor induced from the metric as explained in the previous section. 

We then look for solutions of Einstein's equations where the parameters {6, u*} are 
promoted to slowly varying functions of the boundary coordinates x^. Henceforth we shall 
call the metric with the parameters promoted to functions g^'^\ 

9\b^b{x),u-^u'ix) = g''^^[b{x),u'{x)] . (6.3) 
But g^^^ is no longer a solution of the Einstein equations for arbitrary b{x), u^{x). Never- 
theless it has two nice features; it is manifestly regular (i.e., non-singular) for every positive 
r and for slowly varying {6(x),u*(x)} we expect it to be a good approximation to the true 
solution since locally in x'^ it can be "tubewise" well approximated by a boosted black 
brane. 

For a fluid in local thermal equilibrium with typical fluctuations R much larger than 
the scale of inverse temperature we can expand the solution in a series expansion in ~ 

= e <C 1. Having order e" then corresponds to n boundary derivatives. Inserting the 
ansatz ^f^''^ into Einstein's equations we get 



Emn 



O(e)/0, (6.4) 

where 0{e) correspond to terms with derivatives and the linear term has vanished because 
it is a solution of the equations. The approach is to expand the metric in e 

(0) I (1) I 2 (2) , ,r. r\ 

gMN = gl/N + « 9mn + e gMN + • • • ' (6-5) 
where the g^^j^ depend on {b{x),u^{x)} and are correction terms such that gMN solves 
Emn = to a given order in e. This will be possible only if {b{x) , u"^ (x)} satisfy certain 
equations of motion (namely d^T^'^ = 0) that are corrected order by order in e. Conse- 
quently we must also correct {b{x), u^{x)} order by order in e, so we expand them as 

6 = 6(0) + e6(i) + ... (6.6) 
= nf^ + enf) + ... (6.7) 
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with constant {b^'^\u\''^}. 

6.1 General structure of perturbation theory 

Now we can solve for (7^*^ iteratively. Let us imagine that we have solved the perturbation 
theory to the (n — l)**^ order (i.e., we have determined 5^™^ for m < n — 1) and we have 
determined the functions u\"^^ and 6^"^^ for m < n — 2. Inserting the expansion (6.5) into 
the Einstein equation as given in Table 2, and extracting the coefficient of e", we obtain 
an equation of the form 



H 



9' 



(0) f JO) (0) 



5(")(x^r) =5„. (6.8) 



Here H is a linear differential operator of second order in the variable r alone and contains 
no boundary derivatives. As 

gin) is 

already of order e", and since every boundary derivative 
appears with an additional power of e, H is an ultralocal operator (no derivatives in x^). 
Hence H \s a, differential operator only in the variable r and does not depend on the 
variables x^. 

The precise form of this operator at a point Xq depends only on the values of uf^ 
and at Xq but not on the derivatives of these functions at that point. Furthermore, 
the operator H is independent of n; it is the same at all orders in e. The difficulty in 
solving Einstein's equations does not come from H but from the increasing complexity of 
the "source term" Sn that is an expression of n^^ order in boundary derivatives of v!p and 
h'^^\ as well as of (n — order in ui'\ h^^^ for all A; < ?i — 1. 

Before we proceed with our calculations we wish to comment on the general structure 
of the 5-dimensional Einstein equations we are going to solve below. Einstein's equations in 
five dimensions correspond to (5 + 1) • 5/2 independent equations of which 4 do not involve 
g'^") and only constrain the form of expression of b and u*. We will call these constraint 
equations and they turn out to be equivalent to 

5mT(';^_i)=0, (6.9) 

where Tf^^_^-^ is the boundary stress-energy tensor dual to the metric g up to 0{e^~^). Of 
the other 11 equations, one is redundant and the 10 dynamical equations left are used to 
determine g^"^^ to second order in r. We now make a gauge choice by imposing that the 
metric be of the form 

ds^ = -2u^{x)S{x, r)dx^dr + Xtiy{x, r)dx^'dx'' , (6.10) 

such that every constant x^ trajectory corresponds to an ingoing null geodesic in r. The 
residual S0{3) symmetry in the spacial boundary directions is what allows us to reduce 
the second order differential equations in r to first order ones. The dynamical equations 
can then be recast into a set of first order decoupled equations that we can solve by 
integrating the source and thus guaranteeing regularity of the solution. The ambiguities in 
the integration constant can by removed by choosing the Landau gauge, 

^,TZ,i, = 0, (6.11) 
where r^j^^jp includes all higher dissipative orders. 
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6.2 Results 



Implementing this procedure to first order the metric is found to be 



-lu^dx^'dr + [rjf,^ + (1 - f{br)) 



-2r 



1 



1 



dx^'dx" 



with 



F{r) 



x-^ + X + 1 
x{x + l)(x2 + 1 

and the stress-energy tensor 

rpflf 



-dx 



In 



(l + r)2(l + r2 



2 tan r + vr 



64 



63 



(6.12) 
(6.13) 

(6.14) 

(6.15) 



The first line of the metric is just the zeroth order solution and the second line is the first 
order correction. Similarly the first term of the stress-energy tensor is the usual perfect 
fluid result and the second term is the dissipative correction. 

The second order calculation can be carried out in the same way and the result can be 
found in [2] . has five independent (Lorentz and Weyl) covariant terms (of the form aa, 
LULU, aa, . . .) from which we can read off second order fluid parameters like the relaxation 
time, which form a signature of conformal fluids with a gravity dual. 

In [3] an analysis of the event horizon of the solution yielded the entropy current on 
the boundary, which was shown to be never decreasing. 



7. Conclusions 

The fluid / gravity correspondence provides us with an exceptionally powerful tool for calcu- 
lations and provides an interesting connection between two seemingly disconnected fields. 
It is analogous to a giant "Laplace transform" where, when confronted with a difficult 
problem, we can switch to a "space" where the calculations can be carried out, then the 
results are translated back into the language of the original problem. For example, in 
this paper we have calculated the stress-energy tensor of a gauge theory, with dissipative 
corrections, by rephrasing the problem in the language of gravity, in a regime where the 
calculation is tractable, then translating the result back into the language of gauge theory. 

In this review we have discussed a new technique that facilitates both the calculation 
and parameter matching. By calculating the stress-energy tensor on the boundary induced 
from the bulk, and then comparing that with the stress-energy of fluid dynamics, we can 
quickly calculate hydrodynamic properties. Because this process is iterative, dissipative 
corrections can be evaluated with relatively little effort. 

This new correspondence can be used to describe the quark-gluon plasma created in 
experiments of relativistic heavy ions collisions [13, 14, 15, 16]. This has been done for 
the shear viscosity to entropy ratio with encouraging results, although it remains to be 
understood to what extent these calculations apply to real QCD and how to estimate 
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theoretical errors [17]. This does not constitute experimental evidence in favour of string 
theory, but merely shows that string theory can give new insights into other fields of physics. 

We would like to end these lecture notes with a brief discussion on the role of fluid 
hydrodynamics in quantum gravity. Over the last twenty years a broad class of hy- 
drodynamic systems have been investigated, referred to as analogue models/ emergent 
spacetimes, whose linear excitations experience an effective metric tensor, see for exam- 
ple [18, 19, 20, 21]. The gravity analogy is only valid in the linear regime, beyond this 
its exhibits model-dependent dynamics. Any attempt to relate these toy models with 
Einstein gravity has only been partially successful, see for example Sakharov's induced 
gravity [22, 23]. 

The correspondence outlined exhibits a surprising relation between fluid dynamics 
and general relativity at a fully dynamical level. The relevance of this duality, from a 
conceptional viewpoint, for alternative approaches towards quantum gravity has yet to be 
investigated. In general we would like to close our interpretation of Veronika Hubeny's 
lecture series by stressing the importance of dualities such as the one studied here, as they 
are of interdisciplinary nature and open a window for an alternative approach towards 
quantum gravity. 
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